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FIBONACCI AND LUCAS IDENTITIES THROUGH
COLORED TILINGS

ARTHUR T. BENJAMIN AND JENNIFER J. QUINN

ABSTRACT. In this paper we introduce the concept of colored Fi-
bonacci tilings which leads to charming combinatorial proofs of Fi-
bonacci and Lucas number identites.

l. INTRODUCTION

Cormnbinatorial proofs can lead to a greater appreciation and understand-
ing for any topic. Fibonacci and Lucas identities are no exception. Let
Fp = Fp_1+ Fp_2, where Fo =0, F;y =1, and L,, = L1 + L,,—2, where
Lo = 2, Ly = 1. The identities
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are usually proved by applying the binomial theorem to Binet’s formulas
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While reading these identities, one cannot escape the feeling that the left
hand side is counting something. In this paper, we tile boards and bracelets
with colored squares and dominoes to achieve the desired combinatorial
interpretation.

Recall that Fy, 11 counts the number of sequences of 1’s and 2’s which sum
to n. Equivalently, F,,11 counts the number of ways to tile a 1 x n rectangle
(called au n-board consisting of cells labelled 1,...,n) with 1 x 1 squares and
1 x 2 dominoes. For combinatorial convenience, we define f, = Fp41. Then
fa is the number of n-filings, the number of ways to tile an n-board with
squares and dominoes.

Similarly, it is easy to show that L, counts the number of ways to tile a
cireulnr n-board with squares and dominoes. Cells are labeled 1 though n
and a tiling is called an n-bracelet. An n-bracelet is out of phase if the same
domino covers cells n and 1; otherwise the n-bracelet is 4n phase. There are
fn in phase n-bracelets and f,_o out of phase n-bracelets. Thus for n > 2,
Ly = fn + fo—2.
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2. CoLORED TILINGS

The motivation for this section comes from investigating the quantity
2™ fn. Given an n-board, there are 2™ to ways to paint each cell black or
white. There are f, ways to tile the board with“transparent” dominoes
and squares. Looking through the tiles, there are 6 possible tile colorings,
namely a white square, a black square, a white-white domino, a white-black -
domino, a black-white domino, and a black-black domino. Thus there are
2™ f,, ways to tile an n-board with two types of squares (black and white)
and four types of dominoes (say red, yellow, green, and violet). We call
this a colored tiling. Analogously, there are 2" L,, colored n-bracelets.

Using colored tilings we create a two-to-one mapping to illustrate the
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We think of Lg as representing two “empty” bracelets, one being in phase
and the other out of phase. For every colored tiling of an n-board we
generate two colored bracelets of length less than or equal to n. Let T be a
colored tiling of an n-board. If T is not the all-white tiling, let k& denote the
last cell covered by a non-white tile. As Figure 1 illustrates, we generate
two k-bracelets as follows:

B : Remove cells k£ + 1 through n. Bj is the in phase k-bracelet ending
with a non-white tile produced by gluing cells & and 1 together.

By : If cell k is covered by a black square, then B is the in phase k-bracelet
obtained by replacing the kth cell of B, with a white square.
If cell k 1s covered by a colored domino, then By is the out of phase
k-bracelet obtained by rotating the tiles of By clockwise one cell.
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FIGURE 1. To prove 2™+ f, = 3% 25Ly, we draw a two-
to-one correspondence depending on the last cell covered
by a non-white tile. w represents a white square, b repre-
sents a black square, and D represents a colored domino.



Iivery colored k-bracelet, where 1 < k < n is obtained exactly once in this
fashion. The process is easily reversed by examining the last tile. The
case where T cousists of all white squares is identified with the two empty
hracelets. Thus 2-2"f, = Zzzn 2kLL.

To tackle identity (1), we first replace n with n + 1 to give us
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By Pascal’s identity, this becomes
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As before, 2™ f,, counts the number of colored tilings of an n-board. To
show that this equals the left hand side, we provide coloring rules defined
in such a way that for every subset {a1,x9,... 2} of {1,2,...,n}, we
generate exactly 5%/2) colored tilings of an n-board.

Assume 71 < w2 < +++ < @y, and that ¢ is even. This gives rise to #/2
disjoint intervals Iy = [z1, @2}, Iz = [23,24],..., Itj2 = [21-1, 7). Any cell
not belonging to one of these intervals is colored by a white square. Inside
an interval, we have 5 tiling choices. We may cover the interval entirely
with squares where the end points must be black and the interior (if it
exists) must be white. Otherwise we may cover the interval entirely with
domninoes of the same color (when the interval has an even number of cells)
or we may cover the interval with dominoes of the same color followed by
a single black square (when the interval has an odd number of cells). See
Figure 2.
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FIGURE 2. A colored tiling based on § = {3,6,8,11,12, 14,15, 16, 18, 19}.

When ¢ is odd, we create intervals Iy = [zg, 23], I = [4,25],.. ., [p—1)/2 =
[r¢—1,x¢] which obey the same coloring rules as before. All cells outside
these intervals are covered by a white square, except for cell #; which is
covered by a black square. Since every interval allows 5 choices, the subset
{z1,... , 3¢} gives us 5Lt/2] ways to create a colored tiling.

The coloring rules, as stated, have two deficiencies, which conveniently
complement each other. The first problem is that a string of dominoes
of the same color can be generated by more than one subset. For exam-
ple, the coloring in Figure 2 could also have been generated by the subset



{3,6,8,9,10,11,12,14, 15, 16, 18, 19}. The other problem is that the color-
ing rules provide no means of generating a colored tiling such as the one
in Figure 3. We remedy these problems in one fell swoop by amending our
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FIGURE 3. Another colored tiling.

coloring rules as follows. When an even interval I; = [a,b] tiled by domi-
noes immediately precedes interval Ij41 = [e,d], 1.e., ¢ = b+ 1, then I
cannot be given the same color as I;. Instead, we allow I;1; to be covered
by white squares ending with a single black square. Now the tiling in Fig-
ure 3 can ouly be obtained by the subset {1,4,5,9}. Notice the amended
rule still allows exactly 5 choices for each interval, and that every subset
{z1,...,7:} leads to exactly 51t/2] distinet n-tilings.

It remains to prove that every colored n-tiling is represented by exactly
one subset S of {1,2,... ,n}. Given an arbitrary coloring, our rules require
that every cell covered by a black square must be in S, as must any cell
appearing at the beginning of a “color run”, (e.g., cells 8, 12, and 18 in
Figure 2). Almost all cells covered by white squares are not in §. Cells
covered by white squares that come immediately after the end of a color
rui, may or may not be in §. All cells in the interior of a color run are not
in §. The only cells whose status remains to be determined are the last
cells of a color run and possibly (if it’s covered by a white square) the cell
after that.

Notice that if no color runs exist (all squares), then S is simply the set
of cells covered by the black squares. Otherwise, let j denote the last cell
of our last color run (e.g., cell 19 in Figure 2 or cell 4 in Figure 3). If
j = n, then obviously j € §. Otherwise, let B > 0 denote the number of
black squares occurring after cell j. If B is even, then j € S, and only the
black cells which follow it are in 8. If B is odd, then we look at cell 7 + 1
which is necessarily covered by a square. If cell § + 1 is covered by a black
square, then we must have j ¢ S and j+1 € §. If 7 + 1 is covered by
a white square, then we must have j € $ and j+ 1 € §. Thus we have
uniquely determined the status of all cells from the beginning of the last
color run. Ignoring these cells, we determine the status of the previous cells
recursively, by the exact same argument. For example, the colored tiling in
Figure 2 can only be generated by the given subset S. This completes our
one-to-one correspondence, and identity (1) is proven.



Finally, we establishr identity (2). After multiplying both sides by 2, we
oblain:
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The right side counts the number of colored n-bracelets. For each even
subset {xy,29,... 721}, we generate 2 - 5F colored n-bracelets. As before,
create the intervals Iy = [rq,32], Iz = [rg,24], ..., Ix = [rok—1,72k). We
generate 5% colored tilings of an n-board by the same coloring rules as be-
fore. Gluing the ends of a tiled n-board creates an n-bracelet. In this man-
ner we obtain all in phase bracelets with an even number of black squares
(possibly zero) before the first domino. We call such bracelets simple,

By the argument in our last identity, all simiple bracelets are generated
by our coloring rules as k varies from 0 to [n/2]. For each simple bracelet
B we define a unique companion bracelet B’ by conditioning on cell 1 of
B. (See Figure 4.)

Simple bracelets: Not simnple bracelets:

FIGURE 4. A oune-to-one correspondence between simple
bracelets (in phase bracelets with an even number of black
squares before the first domino) and not simple ones.



1. If cell 1 of B i§ covered by a square, then change the color of the
square covering cell 1, producing an in phase bracelet B’ with an odd
nuinber of blacks squares before the first color.

2. If cell 1 of B is covered by a domino, then rotate the tiles of B
counterclockwise one cell, producing an out of phase colored bracelet
B'.

Since this correspondence is easily reversed, the proof of identity (2) is
complete,

3. CONCLUDING REMARKS

Colored tilings provide a fresh approach to understanding Fibonacci and
Lucas number relations. Perhaps this approach can be extended to envision
relations involving a”fn, o™L,, or even 2"G, for generalized Fibonacci
uumbers G, [2]. For further combinatorial iuterpretations of Fibonacci
and Lucas numbers, see [1, 3, 4].
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