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ABSTRACT. In this paper we introduce t.he concept of colored Fi- 
bonacci tilings which leads to charming ~ombinat~orial prook of Fi- 
bonacci and Lucas number identites. 

Cornbinatorial proofs can lead to a greater appreciatioli arid understand- 
ing for any topic. Fibonacci arid Lucas identities are no exception. Let 
F7,, = F7,,-1 + Fn,-2, where Fo = 0, F1 = 1, and Ln = Ln-l + L,L-2r where 
Lo  = 2, L1 = 1. The identities 

are usually proved by applying the binomial theorem to Binet's forrnulas 

Fn, = ((v)n' - (q)n) 16 and L ,  = ((v)n' + (q)n') [5]. 

While reading these identities, one canriot escape the feeling that the left 
hitl~d side is counting someth,in.g. In this paper, we tile boards and bracelets 
with colored squares and doniinoes to achieve the desired conibi~iatorial 
iiiterpretatiorl. 

Recall that Fn,+l coniits the iiurr~ber of sequences of 1's and 2's which surri 
to ,rt.. Equivalelitly, Fn+1 counts the nuniber of ways to tile a 1 x ,TI, rectangle 
(callecl ail rr-bond consisting of cells labelled 1, ..., n )  with 1 x 1 S ~ I L ~ T C R  and 
I x 2 doini7roes. For corribinatorial conveiiier~ce, we define f n  = Fn,+l. Then 
, f 7 ,  is the iil~rilber of n.-ti,li.n.gs, tlie iii~riiber of ways to tile an 71.-board with 
squares and doniirioes. 

Siniilarlv, it is easy to show that L ,  coiints tlie number of ways to tile a 
ci.7.c1~1n.~. n.-board with squares and do~riiiioes. Cells are labeled 1 tliough 7s 

and a tiling is called an n.-hrncclat. Arl rr-bracelet is old of phnse if the sarrie 
domi~io covers cells n and 1; otherwise the n.-bracelet is i n  ph.nse. Tliere are 
f ,  in phase n-bracelets and ,fn,-2 out of phase n-bracelets. Thus for l a  > 2, 
L7% = fn + fn.-2. 
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The  triotivation for this section comes from investigating tlie qllaiitity 
2"fn. Given an  n-board, there are 2* to ways to paint each cell black or 
white. There are f ,  ways to tile the board withUtra~isparent" dominoes 
and squares. Looking through the tiles, there are 6 possible tile colorings, 
ilalriely a white square, a black square, a white-white dornino, a white-black I 

clomi~~o,  a black-white domino, and a black-black domino. Thus there are 
2"fn ways to  tile an n-board with two types of squares (black and white) 
a i d  four types of domitioes (say red, yellow, green, and violet). We call 
this a colored tilin.g. Analogously, there are 2 " L ,  colored n-bracelets. 

Usii~g colored tilings we a two-to-one mapping to  illustrate tlie 
identity 

n 

We think of Lo as representing two "empty" bracelets, one being ill phase 
a i d  the other out of phaqe. For every colored tiling of an n.-board we 
generate two colored bracelets of length less than or equal to n.. Let T be a 
colored tiling of an n,-board. If T is not the all-white tiling, let k denote the 
last cell covered by a nori-white tile. As Figure 1 illustrates, we generate 
two k:-bracelets as follows: 

B1 : Remove cells k + 1 through n.. B1 is the in phase k:-bracelet ending 
with a r~on-white tile produced by gluing cells k and 1 together. 

B2 : I f  cell k 1:s co~~erad b y  n black sq?~nrc?, then B2 is the in phase k-bracelet 
obtaiilecl by replacing the  kt11 cell of B1 with a white square. 
If cell k is covered h?j a colored do~n.ir~o, the11 B2 is the out of phase 
k-bracelet obtained by rotating the tiles of B1 clockwise one cell. 

FIGURE 1. TO prove 2"+ l , f ,  = xt=o we draw a two- 
to-one correspondetlce dependirig on the last cell covered 
by a anon-white tile. 711 represents a white square, b repre- 
sents a black square, and D represerits a colored domino. 



]<very colored k-bracelet, where 1 5 k 5 n, is obtairled exactly once in this 
fi~sliion. Tlie process is easily reversed by examining the last tile. Tlie 
case wliere T colisists of all white squares is ideiltified with the two empty 
bracelets. Thus  2 . 2"f" = 

To tackle identity ( I ) ,  we first replace n with n. + 1 to give us 

. . By Pascal's identity, this becorries 

As before, 2",fn counts the nurilber of colored tilirlgs of all m-board. To 
show tha t  this equals the left hand side, we provide coloring rules defined 
in such a way that  for every subset {xl,  22, .  . . , xt)  of {1,2 , .  . . , n,), we 
generate exactly 5Lt/'J colored tilings of an n.-board. 

Assnrne x1 < a 2  < < n:t, and that  t is eveii. This gives rise to t / 2  
tlisjoirit intervals II = [:c1,x2], I2 = [:K~,:I:~], . . . , Itl2 = [x :~ -~ , : I :~ ] .  Any cell 
iiot belonging to one of these intervals is colorecl by a white square. Inside 
ail iiiterval, we have 5 tiling choices. We may cover the iuterval entirely 
with squares where tlie elid points niilst be black and the interior (if it 
exists) must be white. Otherwise we rnay cover the interval entirely with 
dorniiioes of the same color (when the interval has an even rlurnber of cells) 
or we rriay cover the interval with donii~ioes of tlie sarile color followed by 
a single black square (when the interval has an odd lllirnber of cells). See 
Figure 2. 

. FIGUR.E 2 .  A colored t i l i i~g based on S = {3,6,8,11,12,14,15,16,18,10). 

W h e i ~  t is odd, we create iiitervals I1 = [x2, x3], I2 = [:c4, zG], . . . , I(t-1)12 = 
[ T ~ - ~ ,  :ct] which obey tlie sarrie coloring rules as before. All cells outside 
these intervals are covered by a white square, except for cell rrl which is 
covered by a black square. Since every iliterval allows 5 choices, the subset 
{r l ,  . . . , n:t) gives 11s 5L"21 ways to create a colored tiling. 

The  coloring rules, as stated, have two deficiencies, which conveniel~tly 
complement each other. The  first problerri is that  a string of don~inoes 
of the sarrie color can be generated by lriore tliarl one subset. For exam- 
ple, tlie colorilig ill Figure 2 colild also have been gellerated by the subset 



{ ; I , R ,  8,9,10,11,12,14,15,16,18,19). The other problern is that  the color- 
ing 1.11les provide 110 rrleaiis of ger~erating a colored tiliug s ~ ~ c l i  as the olle 
ill Figure 3. We remedy these problerns i r ~  one fell swoop by anie l~di l~g our 

red red I I I I I  

FIGURE 3. Allother colored tilii~g. 

colori~ig rules as follows. When ail eve11 i~iterval I j  = [n, b] tiled I?- tlon~i- 
noes ir~~~riecliately precedes interval Ij+l = [ c . , r l ] ,  i.e., (: = b + 1, then Ij+l 
ca11110t be given the sanie color as I j .  Instead, we allow I,i+l to be coveretl 
by white squares ellding with a sil~gle black square. Now the tiling in Fig- 
ure 3 call o ~ l y  be obtairred by the slibset {1,4 ,5 ,0) .  Notice the arr~erlded 
rlrle still allows exactly 5 choices for each interval, a r ~ d  that  every snl~set  
{:cl, . . . , n : + )  leads to exactly 5Lv22J clisti~ict n.-tilii~gs. 

I t  rernairls to prove that  every colored TI.-tiling is represented by exactly 
one s~ibset  S of {1,2,. . . , n,). Given an arbitrary coloring, our rules require 
t l ~ a t  every cell covered by a black square 111ust be ill S, as must ally cell 
appearing a t  the beginliir~g of a "color rull", (e.g., cells 8, 12, and 18 ill 
Figure 2). Alrriost all cells covered by white squares are not in S .  Cells 
covered by white squares that  corrle irrllrlediately after the end of a color 
r1111, niay or may not be in S. All cells ill the interior of a color r11r1 are not 
ill S. The only cells whose status rerilail~s to be deterrrii~led are the last 
cells of a color ruri and possibly (if it's covered Ly a white square) the cell 
after that .  

Notice that  if rlo color runs exist (all squares), the11 S is sill~ply the set : 

of cells covered by the black squares. Otherwise, let j denote the last cell 
of our last color rlln (e.g., cell 19 in Figure 2 or cell 4 in Figure 3).  If 
j = T L ,  then obviously j E S. Otherwise, let B 2 0 denote the I I I I I I I ~ ~ ~  of ; 

black squares occurring after cell j .  If B is everi, tlier~ ,j E S ,  aud only the 
black cells which follow it are in S. If B is odd, then we look a t  cell , j  + 1 
which is necessarily covered by a square. If cell :j + 1 is covered by a black 
square, the11 we nirlst have j $ S a r ~ d  j + 1 E S. If j + 1 is covered by 
a white square, the11 we must have j E S a.nd j + 1 E S. T l n ~ s  we have 
ui~iquely deterrr~iried the status of all cells from the begillriil~g of the last 
color r1i11. Igl~orixig tliese cells, we determine the status of tlie previous cells 
reciirsively, by the exact sarrie argument. For exaniple, the colored tiling ill 
Figure 2 call oilly be generated by the given subset S. This completes our 
one-to-one correspondence, arid identity (1) is proven. 



I ( ' i ~ l i \ l l ~ ~ ,  wc establislr identity (2). After i ~ i ~ ~ l t i p l y i ~ i g  both sides by 2, we 
ol)l t i i l l :  

T l ~ e  right side coiints the i~u~i ibe r  of colored 71.-bracelets. For eac l~  even 
subset {xl :CZ ,  . . . , x ~ ~ ) ,  we generate 2 - sk colored n-bracelets. As before, 

_ create the intervals I I  = [xl,  z2], I 2  = [ : r3 ,  :r4], . . . , Ik = [ : c ~ ~ - ~ ~  :':2k]. We 
g-ei~erate sk colored tilings of an 71.-boarcl by the same coloril~g rules as  be- 
fore. Gluii~g tlie ends of a tiled 7r-boarcl creates an n.-bracelet. In this i11a11- 
ller we obtain all i71. p l ~ n s e  bracelets 111ith an ear:71. n?lm.hai. of hlack sqlrarcs 
(poss?:hlyl ze7.o) he,fr~rc! the first domn,in,o. We call such bracelets sl:,m.ple. 

By the argurl~er~t ill our last identity, all siniple bracelets are gei~erated 
by oin. colorii~g rilles as k varies froni 0 to (7r/21. For each s in~ple  bracelet 
B we clefille a ~ ~ i i i q u e  corripanioii bracelet 13' by conditioning oil cell 1 of 
B. (See Figlire 4.) 

Sirnple bracelets: I Not siinple bracelets: 

F I G U R E  4. A one-to-one correspor~de~~ce between s i r ~ ~ p l e  
bracelets (in phase bracelets wit11 all eve11 iiurriber of black 
squares before the first domillo) a l ~ d  not siniple ones. 



1. If cell 1 of B iS covered by a square, tlieii change the color of the 
square covering cell 1, prod~icing ail iri phase bracelet B1 with ail odd 
1iu11iber of blacks squares before the first color. 

2. If cell 1 of B is covered by a doiriiiio, tlieri rotate the tiles of B 
counterclockwise one cell, producing an out of pliase colored bracelet 
B1. 

Since this corresporidence is easily reversed, the proof of iderltity (2) is 
coniplete. 

Colored tilings provide a fresh approach to ur~derstariding Fiboliacci and 
Lilcas r~urnber relations. Perhaps this approach call be extended to envision 
relations illvolvilig an,fn, u."L,, or even 2nG, for generalized Fibonacci 
i~unibers G,, [2]. For further coriibiriatorial i~~terpretations of Fibonacci 
and Lucas ~iurnbers, see [l, 3, 41. 
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