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ABSTRACT

The strong chromatic index of a graph G, denoted sq(G), is the minimum number of
parts needed to partition the edges of G into induced maichings. For0 < k <l <m,
the subset graph S,,,(k, 1) is a bipartite graph whose vertices are the k- and l-subsets of
an m element ground set where two vertices are adjacent if and only if one subset is
contained in the other. We show that sq(S,, (k,1)) = (/7,) and that this number satisfies
the strong chromatic index conjecture by Brualdi and Quinn for bipartite graphs. Further,
we demonstrate that the conjecture is also valid for a more general family of bipartite
graphs. © 1997 John Wiley & Sons, Inc.

INTRODUCTION

In a proper edge coloring of a graph, G, no two incident edges are given the same color. Thus any
path in G connecting two edges of the same color must have length at least 1. A coloring is called
a strong edge coloring if any path in G connecting two edges of the same color has length at least
2. In other words, the subgraph of GG induced by edges of the same color forms a matching in
G. The strong chromatic index, sq(G), equals the smallest number of colors in any strong edge
coloring.
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Erd6s and Nesetfil [4] conjecture that sg(G) is at most %Az, where A denotes the maximum
degree of a vertex in G. For a bipartite graph G = (X, E,Y'), Brualdi and Quinn [2] conjecture

sq(G) < A(X)A(Y), (0.1)

where A(X) and A(Y') are the maximum degrees in their respective parts.

As with most coloring problems, there are only a few classes of graphs whose strong chromatic
index is known exactly. Complete graphs and complete bipartite graphs require all edges to be
colored differently, i.e., sq(K,) = (3) and sq(Km,»n) = mn. In any antimatching of G (that
is to say, a subgraph with no induced matching of size greater than 1) all edges must be given a
different color. Therefore the strong chromatic index of G is greater than or equal to the number
of edges in the largest antimatching in G. This result holds with equality for chordal graphs [3]
and trees [5]. Specifically, for a tree, T', sq(T) = maxg,{deg(z)+ deg(y) — 1}. Faudree et
al. [5] also compute exact strong chromatic indices for n-dimensional cubes, Kneser graphs, and
revolving door graphs. In this paper, we will define a family of graphs called subset graphs for
which the strong chromatic index can be determined exactly.

SUBSET GRAPHS

For integers 0 < k < I < m, we define the subser graph, S,,(k,l) to be the bipartite graph
(X, E,Y) where the vertices of X are the k-subsets of [m] = {1,2,...,m}, the vertices of ) are
the {-subsets of [m], and for X € X andY € ), X is adjacent to Y if and only if X C Y. Notice
that the subset graph S, (k, k) is a matching with (*) edges. Also the revolving door graph of
order d is the subset graph Soy_1(d — 1,d). See Figure 1.

Theorem 1.  s¢(S,.(k, 1)) = ([¢)-

Proof.  First we construct a strong edge coloring of Sy, (k, [) using exactly (", ) colors. The
colors are precisely the (I — k)-subsets of [m]. For each edge {X, Y} we assign the color Y\ X.
To show that the coloring is strong, suppose that the edges {X1,Y;} and { X2, Y2} are assigned
the same color, say C, and that X is adjacent to Y5. Since C is a subset of Y5 and is disjoint
from X, then C is a subset of Y3 \ X;. But |C| = |Ya2 \ X3|, so the color assigned to the edge
{X1,Y2}is C. Consequently Y; = X1 + C = Y and X; = Y5 \ C = Xs. Hence if {X;,Y}

{1,2} {1,3} {14} {1,5} {2,3} {2,4} {2,5} {3,4} {3,5} {4,5}

PSS SRS

{1,2, 4}{1‘ 2’5}{1, & 4}{1’3‘ 5}{1,4,5}

{1,2,3} {2,3,4} {2,4,5}

{2.3,6} {3,4,5}

FIGURE 1. The subset graph S5(2, 3).
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and { X5, Y2} are distinct edges assigned the same color, then X7 and Y3 are not adjacent. Thus
the coloring is strong and sq(Sy,(k, 1)} < ([%4)-

We show that equality holds by constructing an antimatching, A C E, of size (™). We let the
edge {X, Y} be an element of A if and only if there exists an integer j for which X C [j] C Y.
To see that A contains no induced matching, suppose X7 C [j1] C Y7 and X5 C [j2] C Y2 where
J1 < ja. Then X3 C [j1] C [j2] C Yo implies { X, Y2} is also in A; thus A is an antimatching.

Now we count the edges in A. For each edge {X,Y} in A there is a unique j for which
X Cl{l€Yandj+1¢Y. Fora given j, the number of edges {X, Y} satisfying this is
Al

—j ). Summing over the nonzero terms gives

=S (1) (") (1)

The identity expressed in the last equality can be viewed as counting the number of length m paths
from (0, 0) to (m — (I — k),l — k) by conditioning on those paths which go through the points
(k,j—k)and (k+ 1,5 —k)withj =k, k+1,...,0. Hence sq(Sm(k,0)) > |A] = () n
A family of graphs related to S,,,(k, 1) = (X, E, V) can be defined using the same vertex set.
Let the disjoint subset graph D, (k,1) = (X, E’, V), where { X, Y} is an edge of E’ if and only
if X N'Y = (. A disjoint subset graph can be considered a bipartite version of a Kneser graph.

Corollary.  sq(Dn(k, 1)) = ([71)-

Proof. Since X NY = {if and only if X is a subset of [m] \ Y, then D,,(k, 1) is isomorphic
to Sy (k,m — ). Theorem 1 implies

sa(Dm (k1)) = ( (m—1) - a-) - (;2;)

Note that if ¥ > m — [, an empty intersection is impossible and D, (k, ) has no edges. Thus
$q(Dm(k,1)) = 0 = (1) §

UPPER BOUNDS

In this section, we show that subset graphs satisfy the conjectured inequality for the strong
chromatic index of bipartite graphs given in (0.1). Further, we demonstrate that the inequality is
valid for a more general family of bipartite graphs.

Theorem 2.  The subset graph S, (k,1) = (X, F,Y) satisfies

5¢(Sm(k,1)) < A(X)A(Y).

Proof. Every vertex X € X has degree (77,F) and every vertex Y € ) has degree (}). By
Theorem 1. we must show that

m m—k {
(m)=(1) (1)
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Substituting 7 = [ — k, our inequality becomes

m m—k k+j
: | . CAl 0.3
(J)‘( J )( k ) e

Let P be the set of length m paths from (0, 0) to (m — 7, 7) and let P’ be the set of length
m + j paths from (0, 0) to (m — 3, 25) which pass through the point (k, 7). Since [P| = ("}') and
1P| = (*F7 )(m_j"’), we prove (0.3) by constructing a one-to-one mapping from P to P’. For
any path P € P, let P’ be the path obtained by inserting j vertical steps prior to the (k + 1)st
horizontal step in P (see Figure 2). The path P’ contains m + j steps, passes through the point
(k, ), and terminates at the point (m — 4,24). Hence P’ € P’. Notice that P’ coincides with P
through the kth horizontal step and parallels P beginning with the & + 1st horizontal step. This
mapping is one-to-one and hence inequality (0.3) follows. (]

Now we consider the following generalization of subset graphs. Define S,,(k,l,\) =
(X, E,Y) where the vertices of X are the k-subsets of [m], the vertices of ) are the [-subsets
of [m], and for X € X,and Y € ), X is adjacent to Y if and only if [ X N'Y'| = X. Note that
subset graphs and disjoint subset graphs are special cases, corresponding to A = k and A = 0,
respectively. Exact values for the strong chromatic index of these graphs are presently unknown,
however we present two strong edge colorings which together satisfy inequality (0.1).

Lemma3. sq(Sn(k,1,)) < (k+ﬁ2)\)(m—(k;-l-2/\>)-

Proof. 'We partition the edge set F of S,,(k,[, \) according to the symmetric difference
and intersection of the vertices. Specifically, given disjoint sets D C [m] and I C [m], where
ID| =k +1—2)and |I| = ), let

Epr={{X,Y}€eE|X®Y=Dand XNY =1},

where X @Y = X\ YUY \ X. We claim that E; ; is an induced matching in S, (k, [, ), and
therefore its edges can be assigned the same color in a strong edge coloring. To see this, suppose

|_ ——¢ (m—42)
Al e
J
I
ki) | 4
(:J)_, o1 fm=id
P
L,
el % k - m—(k+j) —

FIGURE 2. ("Jn) < {'_HtJ k\](k:';
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that {X;,Y1} and { X5, Y2} are edges of Ep ; and that {X;,Y2} € E. Then |X; NY3| = A, so
their intersection must be I. Also, since Y3 C XoUY; = DUI = X, UY,, it followsthat X, UYs
1s a subset of X7 UY7, and since both have the same size, they must be equal. Further X1NY; =1
implies that X1 @Y = D. Hence Yo = (D\ X;)UI =Yy and X; = (D\Y2) UI = X3, and
FEp 1 is an induced matching.

For any edge {X,Y} € E, the symmetric difference of X and Y has size k + [ — 2. Thus D

and I can be chosenin (;, 7" , A)(m—(k:l_”)) ways, providing us with the desired upper bound. g

The second strong edge coloring is similar to the decomposition above, but it partitions the
edges according to the ‘‘differences’’of the vertices.

Lemmad.  sq(Sn(k,1,\) < (117 00) (FE52Y).

Proof. Givendisjointsets Dx C [m]and Dy C [m],where |Dx|=k—Aand|Dy|=1-),
let

Epypy ={{X,Y}€E|X\Y =DxandY \ X = Dy}

We claim that Ep, p, is an induced matching in S, (k,I,A). Suppose that {X;,Y;} and
{X2,Y>} are edges of Ep, p, and that {X;,Y>} € E. Then |X; NY3| = A. Thus | X; \Y3| =
k—X=|Dx]|. Butsince X; \ Y1 = Dx = X3\ Ys, we musthave Dx C X \ Y, and therefore
Dx = Xi \ Y. Analogously, Dy = Y, \ X;. But this implies

X: = (XK \RIU(XinYy)=DxulYse\ (Y2 \ X1)]
= DxU(Y2\Dy)=(X2\Y2)U(Y2N X3) = X,.

Similarly, Y> = Y3, and Ep, p, is an induced matching. There are k + [ — 2) elements in

Dx U Dy, so Dx and Dy can be chosen in (,c+';’12,\)('““,:l__,\2’\) ways. B

We combine Lemmas 3 and 4 to obtain the following result.
Theorem 5. The graph S, (k,[, ) = (X, E, ) satisfies

sq(Sm(k, L, \)) < A(X)A).

Proof. The degree of any vertex in X is (£)(7")"), and the degree of any vertex in Y is
(H)(7}). Hence our theorem is equivalent to proving

Sﬂ&AhL»)s<§>(?:f)(i)(?:;>.

By Lemmas 3 and 4, it suffices to show that

m . m— (k41— 2)) T
ka1 —ox )0 A ; k)
k m—k l m— 1
S(A)(E—A>(A)(kWA).mm

Fortunately in [1], it is shown that for any nonnegative integers a, b, ¢, and d
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(ﬂ}b--:--f'—i—r.-’) ) {(u-é-h) (r--kn’.)}
min ;
a+b a c
< a+c a+d b+c b+d . (0.5)
a @ b b

The desired inequality follows by settinga = k- A, b=1-Ac= A andd=m—-k—I+ . n
We note that equality holds in (0.5) if and only if at least two of a, b, ¢, or d are zero. Hence
the only graphs for which (0.4) holds with equality are matchings and graphs of the form K ;.
The strong chromatic indices of these graphs are 1 and £, respectively.
Also, note that inequality (0.4) reduces to inequality (0.2) when A = k and to ([7},) <

(™7%)(™-1) when A = 0. These are the inequalities needed to directly establish that the strong
chromatic index is less than or equal to A(X)A()) for subset graphs and disjoint subset graphs
respectively. )

Interestingly, neither Lemma 3 nor Lemma 4 alone is strong enough to prove Theorem 5 since
for each construction method, there exist parameters A < k < [ < m for which the number of
colors used exceeds A(X)A(Y). For instance, whenm =2,/ =k =1,and A = 1 (A = 0), the
construction of Lemma 3 (Lemma 4) uses 2 colors while A(X)A(Y) = 1.

FURTHER WORK

There are many properties of subset graphs yet to be explored. We would like to determine
3q(Sm(k,l, X)) exactly for 0 < A < k. It may also be possible to determine a stronger chromatic
index, s%q(G), for subset graphs. We define s%q(G) to be the minimum number of colors in an
edge coloring of G such that any path in G connecting two edges of the same color has length
greater than d. Using this notation, note that s°q(G) and sg(G) are the chromatic index and the
strong chromatic index respectively.

Ultimately, we would like to prove that inequality (0.1) holds for all bipartite graphs. To
establish this, we need only consider bipartite graphs which are biregular (i.e., all vertices in the
same part have the same degree) since it can be shown that any bipartite graph can be embedded in
a biregular bipartite graph with the same maximum degrees. (This follows from the Gale-Ryser
Theorem on the existence of zero-one matrices with given line sums, see e.g. [7].) Since subset
graphs are biregular, our hope is that they will be a useful tool to show that inequality (0.1) holds.
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