Six

The Residue Calculus

CHAPTER OUTLINE

e Evaluating Residues

e The Residue Theorem

The residue calculus is a tool for evaluating integrals around closed
contour of functions which are analytic except for isolated singularities.
One finds that the integral is a sum of contributions, called residues, from
each singularity.

6.1 EVALUATING RESIDUES
We begin by defining the residue of an isolated singularity.

Definition 6.1. If f(z) has an isolated singularity at z = z, then the residue
of f(z) is the coefficient of the (z — zy) ! term in its Laurent series
expansion at that point. Thai is, if the Laurent series at z = z is

[ee]

Z an(z — zo)"

n=—*k

then the residue of f(z) at z = zj is

Res[f(z);z = z0) = a1y

Let’s do some exercises in identifying singularities and calculating
residues.
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Example 6.1. Identify the singularities and calculate the residues of the
following functions:

(a)

(b)

(©)

The function a(z) = z7'%at 2 = 0.

Solution: This function is differentiable everywhere except at z = 0,
where it is not defined. Therefore, it is analytic everywhere except at
z = 0 where it has an isolated singularity. Note that

1 1 0 0 0
a(z):—:——I——+Z——|—...+;+O—|—Oz+0z2+...

series about z=0

If we look at the coefficient of the term with 2!, we can see that the
residue for the function is

Res | 512 = 0] =

The function b(z) = ;25 atz = 2.

Solution: the function b(z) is analytic everywhere except at z = 2 it
has a simple pole (i. e. a pole of order 1). It's Laurent series again has
only one term and

Res[ z:2}:1.

- _ ;
The function ¢(z) = sin(1/z) at z = 0.

Solution: Note sin(z) is entire, so ¢(z) is analytic everywhere except
at z = 0 where it has an essential singularity. Since

3 2P

Slnx:$—§+a...

. (1) 1 1 n 1
sin(-)]=-——+ —....
z z 3123 Bl

This function has an essential singularity at = = 0 because it has an
infinite number of terms with negative exponents. The coefficient of
the term with 27! is 1, so the residue is

Res [sin (1);2 = 0] =1
z

we see
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Figure 6.1: The singularities of d(z) =

in/3

eiSJ'r/3

1

-7 are three simple poles at z =

—1,e7/3 and e™/3.

(d) The function d(z) = '~ has three isolated singularities. Find the

2341
residues at each singularity.

Solution: This function is analytic everywhere except where the
denominator z* + 1 is zero. We begin by noting that

Z3+1:0$Z3:_1:‘_'6—317r7€—z7r’617r’6317r”'

So that

2 =-.--€

—z7r’ 6—z7r/37 6Z7T/3, el

from which we quickly deduce that there are three zeroes at
z=—1,e /3 and e"/3. We can now factor the denominator as

P4 1l=(241)(z — e 3) (2 — /3
and in fact, we will see that d(z) has three simple poles at these

locations.

Let’s say we want the residue at z = ¢™/3. To analyze the function at
2 = €'/3, we note that

1 1
B4 1 (z —em/3) . (2 — e~ /3) (2 + 1)

Let’s define
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then
1 R(z)

Bl z— e/

Observe that R(z) is analytic at z = ¢"/3

expansion there.

, so it has a Taylor series

R(z) =R (e”/g) + R (6”/3) (z - 6”/3) + 21'R” (e”/?’) (z — e”/?’)2 +...
and d(z) can now be expanded as

R(z)

o — ei7r/3

d(z) = + R (e”/3) - 21!R” (e”/3) (z — e”/?’) -

And we now see that there is a simple pole (that is a pole of order
one) at z = ¢'™/3 and the associated residue is given by

Res [d(z); z= 6”/3} =R (6”/3)
1
- (ei”/3 _ e—”/3) (em/:a 4 1)
1
eim/6 (eiﬂ'/?) _ e*iﬂ'/:}) (eiﬂ'/ﬁ + efirr/ﬁ)
e—iTr/ﬁ

(2isin(7/3)) (2 cos(m/6))

in/6

(2- (v3/2)) (2- (vV3/2))

;Ze—ir/ﬁ
3.

- %Z[cos(ﬂ'/ﬁ) — isin(m/6)]
_ [ﬁ _ 41]

1
3 2 2
1 V3
—_—— — ’l/ R
6 6
where we used the identities

e” =cosz +isinz e¥ +e ¥ =2icosz e¥ —e ¥ = 2isin 2.



6.2. THE RESIDUE THEOREM 65

Example 6.2. For the function

COS 2

22 4 24

f(z) =

locate the isolated singularities, characterize them and calculate their
residues.

Solution: Note that cos z is an entire function, and the denominator can be
factored as z?(z? + 1), so there are isolated singularities at z = 0, %i.

(@) Atz =0, the Laurent Series for f(z) looks like

1 / cosz 1 22 4 5 4

1 0
Z z

So f(z) has a 2" order pole at z = 0 & the residue there is 0.

(b) Atz = +i, Laurent series for f(z) looks like

1 Cos z
f(z>—zqii. 22(z +14)
———

analytic @ z==+1

So f(z) has a 1**-order pole (“simple pole") at z = =+,

[ CoS 2 ] cos +1 cosh 1
Res = = - -
. (—1)(£21) F2i

22(z +14) -

6.2 THE RESIDUE THEOREM

The residue theorem allows us to calculate the integral around a closed
curve of a function that is analytic except at a finite number of isolated
singularities.
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Theorem 6.1 (Residue Theorem). Let f(z) be analytic in and on a simple,
closed, positively-oriented curve C' except for possibly finitely many isolated
singularities inside C'. Then,

]{Cf(z)dz = 2mi iV:RES[f;Z = Zn),

n=1

where 2y, z9 - - - zy are the locations of the isolated singularities inside C.

C 1

Sketchy Proof: Suppose f(z) is analytic on C except for one isolated
singularity inside C, called z;.

Ck) A

Y

Expand f(z) in a Laurent series about z = z;.

o0

f2)= 3 ar(z— =)

k=—o00
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Then, as

]{(z—z)kdz: 0 ifkeZ k+#-1
c ! omi ifk€Z, k=—1

we see that

ﬁf(z)dz:]é i ar(z — 21)*dz

k=—o0

.zl

Y

But what do we do if we have two singularities? We can break the contour
into two closed loops, one which contains each singularity. Note the “up"
and “down" portion of the contours cancel.
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Now
. 1@dz= ¢ )=+ § )z = Res[f(2): 21 + Res[f(2): 2]

We will leave it as a challenge to you to think about how to generalize this
to a functions with n singularities.

So to reiterate and present the theorem in a new way,

Residue Theorem: 7{3 f(2)dz = 2mi - Y residues of f inside C

Example 6.3. Evaluate

dz do

27
[: _— :/ _—
(@) c2224+52+2 ®) J 0o H+4cosh

where C is the unit circle traversed in a counter-clockwise sense.

IzI=1
z7=-2 z=-1/2 \\
N N j

Figure 6.2: The contour of integration for Example 6.3; note one singularity
is in the circle and the other is outside.
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Solution: We factor the denominator
(222 +52+2) = (22 +1)(2 +2)
so there are poles at z = —1 and z = —2. By the Residue Theorem
d 1 1
I = —Zz2m'Res —— = ——
c 222+ 5242 22245z +2 2
Because the pole at = = —2 is outside the contour of integration. But

1 1 1
2:24+52+2  (22+1)(2+2

(z+ 1) 3
So 1 1 1
R _— = —_—— = -
es[222+5z+2’z 2] 3
and

dz 271
I:f\—:i
c222+52+2 3

For part (b), let 2 = ¢ where 0 < § < 27, so dz = e df.

[ /2” iedf
Jo 2(e)? 4 5ei 42

P df
“'Jo 2(e®) 151 201
7T do
' Jo 54+ 2 (i 4 e=9)
T do
! 0o D+ 4cosh

So we see o o

I =1iJ= Ty = J= 3

We demonstrate how to evaluate many more integrals in the next chapter.



