Eight

An Introduction to Laplace
Transforms

CHAPTER OUTLINE

e Definition of the Laplace Transform
e Laplace Transforms of Derivatives
e First Shifting Theorem

e Inversion by Partial Fractions

The Laplace transform is a tool that is particularly useful for solving initial
value problems for linear differential equations. It gives us tools for
dealing with forcing that occurs as an impulse or that is switched on and
off. The basic idea is that one looks at the differential equation in terms of
a transform variable.

8.1 THE DEFINITION OF THE LAPLACE TRANSFORM

Definition 8.1. The Laplace transform of a function f(¢),

LUWY = [T e s it =F(s)

maps a function, f(t), to a function of the transform variable s. By
convention we will use lowercase letters to denote the origin function
[f(t)] and uppercase to denote the transformed function [F(s)].
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86 CHAPTER 8. AN INTRODUCTION TO LAPLACE TRANSFORMS

Note that the transform only depends the values of f(¢) for t > 0 and that
F(s) may only be defined for s sufficiently large. we will deal with this
technical difficulties later; let’s do some examples to get the hang of these
transforms.

Example 8.1. Compute the following Laplace transforms of the following
functions:

(@) The function f(t) = 1.
Solution:

£{1) = /O°° et (1)dt = /O°° et di

_ ot |t=00
e st

S

t=0
I R
- S S - S
which is valid for s > 0.
(b) The function f(t) = t.
Solution:
L{t} = /oo e (t)dt = /OO tetdt
0 0

est(st + 1)
52

t=0
e ¢ 1
N I
Note that again that this is defined when s > 0 for which
lim (st + 1)e™*" =0
t—00

because the exponential function decays much faster than the linear
function grows.

(c) The function f(t) = t™.
Solution:

L{t"} :/OOO e—st-(t”)dt:/ooo t"e St dt



8.1. THE DEFINITION OF THE LAPLACE TRANSFORM

Let v = st, to give

Litm =

00 n!
/ e Vdv =

which again is valid for s > 0. we have used the fact that

o0
/ e’ dv =n!
0

which can be proved via integration by parts and induction.

(d) The function f(t) = e* where a is a constant.
Solution:

L{e"} = / e - e™dt
_/ —(s a)tdt —1 (s a)t
S — a
1

— {6(—s+a)oo . e(—s+a)0}

t=0

—Ss+a

Only if s > a does e(=51a)* yanish, so we must restrict our answer

1

sS—a

(fors > a) .

(e) The function f(t) = cos(at) where a is a constant.
Solution:

L{cos(at)} / - cos(at) dt

e{/f ey
_Re{s—m} {82—|1—a2.(8+m)}

32—|—a2

(f) The function f(t) = sin(at) where a is a constant.
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88 CHAPTER 8. AN INTRODUCTION TO LAPLACE TRANSFORMS

Solution:

(e 9]

L{sin(at)} = e " - sin(at) dt
0

Im{/ooes- mtdt}
0

1 1 )
_Im{s—m} _Im{52+a2 '<S+m)}

a

2 4+ q?

One can ask if every function f(¢) for ¢ > 0 has a Laplace transform? The
answer is no, but there is a very large class of functions for which the
Laplace transform exist, namely those functions that grow no worse than
exponentially.

Theorem 8.1. Suppose that f(t) is a piecewise continuous function such that
If)] < Mt for >0

for some real constants M and [3. Then the Laplace transform F(s) = L{f(t)}
exists in the half-plane Re{s} > f5.

Remark. We’ve extended the Laplace transform F'(s) to a function of the
complex variable s. In fact the much stronger statement that F'(s) is
analytic in the half-plane Re{s} > 3 is true!!

Proof. As the Laplace transform is defined as

LY = [~ e f(t) dt = F(s)

It suffices to show that the function e’ f(t) is absolutely integrable for
Re{s} > /5. Think of s as a complex variable, s = p + iq for p and ¢ real that

< [ lef) at
0
< M/Oo ’eﬂtf(pﬂ'q)t‘ dt

—M/ (B—p)t

forp > (.

6



8.2. LAPLACE TRANSFORMS OF DERIVATIVES 89

which shows that the integrand e~*' f(¢) is absolutely integrable in the
right half-plane where Re{s} = p > (3. If the function is absolutely
integrable, then the function is integrable also (that is the infinite integral
converges to a finite value) in this half plane also. O

A little more work can show that F'(s) is an analytic function in this region
also, and in particular has no singularities in this region.

We can also derive properties of the Laplace transform that help expand
the number of functions whose transforms we can find. The most
important is linearity.

Example 8.2. Linearity: Show the Laplace Transform is a linear operator,
that is

L{af(t) +bg(t)} = aL{f(t)} +0L{g(t)} .

Solution: The proof follows directly from the definition,

Claf () +bg®)} = [~ - laf(t) + bo(t)at
= a/ooo e S f(t) dt + b/ooo e *tg(t) dt
— aL{f()}+bL{g(0)}

Hence we’ve proved the linearity of the Laplace transform. |

In practice one constructs a table of common Laplace transforms and
properties of Laplace transforms and looks up transforms as opposed to
re-evaluating them from definition.

8.2 LAPLACE TRANSFORMS OF DERIVATIVES

We can compute the Laplace transform of the derivative of a function in
terms of the Laplace transform of the function.

Theorem 8.2. Suppose the Laplace transform of y(t) and y'(t) exist. If
L{y(t)} = Y(s), then
L{y' ()} = sY(s) — y(0).

Proof. We use integration by parts:

Lly W)y = [~ ety @ ar
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Let

y(t) =u y'(t)dt = du
e St=v —se St dt = dv.

So

o0

L{y O} =y [ = [T (=s)ey(e) ar

As y(t) is integrable, we assume that y(t)e *" — 0 as ¢t — oo and the first
term becomes —y(0) the second term we identify as sY(s) from which we
conclude that

t=0

L{y' ()} = sY(s) — y(0)

as desired. O]

This can be very useful, especially when it comes to ordinary differential
equations.

Example 8.3. Use the derivative property of the Laplace transform to solve
the following ODE
y+y=1 y(0)=0.

Solution: We begin by transforming both sides of the differential equation,

L{y' +y =1} = L{y'} + L{y} = L{1}

1
= sY+y(0)+Y = —
N—— S

=0

1
=Y = S+ 1) (apply partial fractions)
=Y = 1 — !
s s+1

we now need to apply an inverse Laplace transform to get a function in
terms of ¢. From our examples earlier, we can see that the inverse is

o= e ()

s s+1
y(t) =1—¢'
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So we can see that the Laplace transform is a very useful tool in evaluating
ordinary differential equations. |

The observant reader will ask if perhaps we have pulled a quick-one here.
In particular, one should ask:

Is the Laplace transform of a function unique?

The answer is yes, if we restrict the type of functions we are look at. For
example if f(¢) and g(¢) are continuous and have the same Laplace
transform, then f(t) = ¢(¢) for ¢t > 0. We can even say that if f(¢) and ¢(¢)
are both continuous at ¢t = t, > 0 and have the same Laplace transform,
then f(ty) = g(to) for t > 0.

Consequently, if we know the Laplace transform of a continuous function
(like the solution to most differential equations), then we can match it up
with the appropriate transform in our table and find the inverse to obtain a
unique of t. We say this symbolically by writing £7'{Y(s)} = y(¢).

8.2.1 Higher derivatives

What about second order derivatives? We can use the first derivative to
derive the formula,

L")} = L{W ()} = sL{Y ()} —y'(0)
= s[sY(s) —y(0)] — y'(0)
= 5*Y(s) — sy(0) — ¢/ (0) .

We can continue this process for higher-order derivatives,

c{y™ 1)} = £{(y" )} = sL{" (B} — 4"V (0)
= slsL{(y" )} =y (0)] =y (0)

n

Z lfnk

So we can use the Laplace transform to evaluate any order derivative.
Example 8.4. Using the Laplace transform, solve the following ODE.
y'+uty=0 y(0)=A y(0)=58
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where A and B are constants.

L{y'(t) +w?y(t) = 0} — L{y"(t)} + w’L{y(t)} = £{0}

— 5°Y(s) — s@—@+w2Y(s)

A =B
— (s> +w)Y(s) —sA—B=0
s 1
Y(s)=A
- (8) 52 + w2 + s2 + w2
B
S Y(s)= A ~

s2+w? ws24w?

£1{Y(s)}:A£1{82j }+Bcl{ © }

w? w 52 4+ w?

y(t) = Acos(wt) + fsin(wt)
|

Again, we are assuming the Laplace transform has a unique inverse. If we
know a function in terms of s, then we can match it up with the
appropriate transform in our table and move the opposite way to obtain a
function in terms of .

8.3 FIRST SHIFTING THEOREM

It turns out that the Laplace transform of an exponential times a functions
shifts the transform by a constant amount.

Theorem 8.3. Suppose L{f(t)} = F'(s), then
L{e"f(t)} = F(s +a).

This is known as the First Shifting Theorem; we’ll talk about the Second
Shifting Theorem in the next chapter.

Proof. The theorem follows quickly from the definition of the Laplace
transform,

/ T et £ (1) dt = / TGOt = F(s +a) .

0 0
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This observation proves useful for solving certain ODE problems.

Example 8.5. Solve the following ODE:

y'(t) +yt)=e"  y0)=0

Make sure you consider both cases when b # 1 and b = 1.
Solution: Laplace transform both sides of the ODE

L0} + L{y(1)} = sY(s) +y(0) +¥(s) = —

Now solve for Y(s)

1

YO =ery 07!

If b # 1, we can use partial fractions

1 71 1 }
b—1ls+1 s+b

e = e - ()

y(t) = —— e =]

If b = 1, we use the first shifting theorem

1
(s+ 1)

Y(s) =

we can find the inverse transform by using the shifting theorem

0= {5

o 1
=t {G)

=te !
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Example 8.6. Solve the following ODE:

y'(t) + 2y (t) +2y(t) =0  y(0)=1 ¢(0)=0

Solution: Laplace Transform the ODE,

L{y" ()} +2L{y' (1)} + 2L{y(1)} = L{0}
s*Y(s) — s&—&+2sY(s) — 2@+2Y(5) =0
i 82Y(:s) — s+ 2sY(s) —:2 +2Y(s)

(5% + 25 +2)Y(s)

~

0
s+ 2

Solving for Y(s) yields

s+ 2

§2 4+ 2542
s+ 2

(s+1)2+1
B s+1 i 1
(51241 (s+1)2+1

Y(s) =

Again, we use the first shifting theorem,

1 s+ 1 1 1
=L {(3+1)2+1}+£ {(3+1)2—|—1}

i1 S —t p—1 1 }
—etr {82+1}+e c {s2+1

y(t) = e "cost + e sint

|
8.4 INVERSION BY PARTIAL FRACTIONS
We can use some of our complex variable techniques to find partial
fraction expansions.
Theorem 8.4. Suppose F'(s) = q(s)/p(s) where p and q are polynomials, the
degree of q is less than the degree of p, and p has distinct roots sq, Sa, . .., s, then
s a a an

p(s) s—s1  s— 89 S — Sp
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where a; = Res[F'(s); s;] = Slggl(s - sj);‘igz;.

Proof. For example, to compute the value of a;, multiply by s — s;

_ (s —s1) (s —s1)
(s —s1)F(s) =a; + ag (5= ) + - Fap (5 s1)
as s — S1
. Caoq(s)
Slggll(s —51)F(s) = sllgll o(s) a
and the result follows. O

Example 8.7. Compute the following inverse transforms using partial
fractions:

(a) The function
1

Y = ey

Solution: Using partial fractions, we see that

1 aq a9

(s+1)(s+2) _3+1+5—|—2

and since a; and a, are the residues at s = 1 and 2 respectively,

=—1]

SO

ﬁ—l{Y(s)}:c—l{ 11 }:e-t_e_gt

(b) The function

—_

(s+1)(s2+1)
Solution: Using partial fractions, we see that

1 aq a9 as

(s+1)(s24+1) 3+2+s—|—i+3—i
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and again using residue methods,

1
alzg
g s+1 B 1 B -1
N G2+ 2-0)(-20) 2+ 4
_ 42 1
20 10 5
. s—i 1
a3 = lim =———=
TS (s42)(s2+1) 10 5
SO
17 2 142 —1-2i
Y(s) = —
() 10[3+2+ sti T s—i}
17 2 4 —2s
S
100Lls+2 s2+1
and

B o 1 1 1 2—s
LT{Y(s)} =L {5(5+2)+5(32+1)}

Lo _Liost 4 Zsin
= —€ — — COS — Sin
5 ) 5

(c) The function
1 1

(5+1)2(s+2)

Y(s) =

Solution: Again, using partial fractions, we see that

1 1 A B C

GH12(+2) (+1Z s+1 552

and cross multiplying implies that
1=A(s+2)+ B(s+1)(s +2)+ C(s+ 1)*.

Substituting s = —2 implies C' = 1 and substituting s = —1 implies
A = 1. Also, from the coefficient of s?, we see that B + C' = 0 which
implies B = —1. This yields the partial fraction expansion

1 1 1 1

GH02(s+2) (+12 s+1 s+2
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Taking the inverse transform yields

» S 1
LY =£ {(s+1)2 s+1+s+2}

—tet—et4e?,

We end with an example where we use partial fractions to solve an initial
value problem for inhomogeneous second-order ODE.

Example 8.8. Solve the ODE:
y'() +2y () =8, y(0)=y'(0)=0.
Solution: We transform the ODE to yield

L{y" (1)} +2L{y'(t)} = 8L{t},
8
s*Y(s) — sy(0) — /' (0) + 25Y(s) + 2y(0) = =
Applying the initial conditions y(0) = ¥/(0) = 0 and solving for Y(s) we

find that
8

s$3(s+2)7

which we will invert using partial fractions. The proper expansion is

Y(s) =

s3(s+2) 3 2 s s+2

and cross-multiplying yields
8 = A(s+2) + Bs(s +2) + Os*(s +2) + Ds*.

Substituting s = —2 yields D = —1, while s = 0 yields A = 4. Substituting
these results and expanding yields

8 =4(s+2) + Bs(s+2) + Cs*(s +2) — s*,
8 =8+ (4+2B)s+ (B+2C)s*+ (C —1)s*

from which we quickly see that B = —2 and C' = 1.
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Putting it all together

B _1{4 2 11 }
N 3 s2 s s+2)7
=22 —2t4+1—e 2.

So

y(t) =22 =2t +1—e 2.




